Abstract. We answer affirmatively the following question of Derek Holt: Given integers l, m, n ≥ 2, can one, in a simple manner, find a finite set Ω and permutations a, b such that a has order l, b has order m and ab has order n? The method of proof enables us to prove more general results (Theorems 2 and 3).
Introduction
Our purpose is to prove some results on representations of certain polyhedral groups. In particular, we answer affirmatively the question mentioned above. Our proof is short and elementary and has enough freedom to prove more general results.
We start with a simple observation. Let K be any field. If A, B ∈ SL 2 (K) have the same trace = ±2, then they have the same order. This follows from the fact that A and B have the same characteristic polynomial and, hence, the same eigenvalues λ, λ −1 . Since these eigenvalues are necessarily distinct, A and B are conjugate in GL 2 over an algebraic closure of K. Let us start with l, m, n ≥ 2. Let K be any field containing a primitive 2lmn-th root of unity. We could take K = C or we could let K = F p with p a prime ≡ 1 modulo 2lmn. Consider G = P SL 2 (K). Let λ ∈ K * be a primitive 2l-th root of unity.
Note that since 2l ≥ 4, one has λ = λ −1 so that the matrix
has order 2l, for any arbitrary α ∈ K. In particular, A = λ
One can obtain any given element θ of K as trace(AB) by solving for t ∈ K. Choosing θ to be the trace of an element of order 2n ≥ 4 in SL 2 (K), we have got hold of A and B in SL 2 (K) such that AB has order 2n in SL 2 (K). Evidently, the images of A, B and AB in G = P SL 2 (K) have orders l, m, n respectively. Letting K = F p with p ≡ 1 mod 2lmn, and embedding P SL 2 (F p ) in a finite symmetric group, we have proved:
B. SURY Theorem 1. Given integers l, m, n ≥ 2, there are a finite set Ω and permutations a, b such that a, b, ab have orders l, m, n respectively.
As a matter of fact, the method has freedom enough to prove the following result: Theorem 2. Let l, m, n ≥ 2. Then, there are a finite field F q and elements A, B ∈ P SL 2 (F q ) of orders l, m such that a given cyclically reduced word W (A, B) involving both A and B has order n.
Proof. Note that W can be taken to be of the form A r1 B s1 · · · A r k B s k with 0 < r i < l and 0 < s i < m. We proceed as before by starting with a prime p ≡ 1 mod 2lmn.
Once again, we choose
Then, an easy calculation shows that
where we have denoted by
We choose any root of this polynomial in F p . Then, λ, µ, t lie in a finite field F q and A, B, W (A, B) have orders l, m, n respectively in P SL 2 (F q ).
Remarks. (i) To prove our results, we work with K = F p or F p to guarantee that the group generated by A and B is finite. If we work with C for instance, the finite subgroups of P SL 2 (C) with the presentation
are exactly for (l, m, n) = (2, 3, 3), (2, 3, 4), (2, 3, 5), (2, 2, n) and the cyclic groups.
(ii) The reason one works with P SL 2 instead of with SL 2 is that one could work with matrices of orders at least 4 in SL 2 (K) and these are semisimple.
It is easily seen that the method proves the following result: Theorem 3. Let G = a, b | a l = b m = w(a, b) n = 1 where l, m, n ≥ 2 and w(a, b) is any word a r1 b s1 · · · a r k b s k with 0 < r i < l, 0 < s i < m. Then, there is a homomorphism φ from G to P SL 2 (C) such that φ(a), φ(b), φ(w) have orders l, m, n.
